ios&{'s and e ordavs 0F Su bgroups

Evem T\nwaln we can't define Twe quotiemt group C”/H for
Weny  sulogvoup H<G, we sShowed that e left cosets
il v o paviton  of G. For |Gl finike, tmis qives an
easy prwof  of LDij%lB Thegveun:

M:(@swd% Tl/\uvmﬁ € 6 s a finite guou p amd W QG,

l
[4] divides |G, and) l—“i’—l is be hmumber of left Cosels of

H inw G,

Pf: Lt 36—6., ok onisidu T oset 3H.

De fine twe funckion F:[{ —gH by b gk

F is Wvde,c(’fV( \fn/J dafinititv od \jH/ o F j\,\ :j[,,/’
e  h=h’ 9w  F s also iuéed‘i\/{. Twuy, “"l’-\ﬂHl, 0
all Losets howe T\A-k v H’- oL Qluw‘p,u{'s.

Swce tway pavtiton G, |Gl 4 wikve o =k ob e D

v fwe coge of infindte froups, it possib\z hr o Whjmu(’
o hoawve a fuke H o cogels:

e-9. W €7 hoys w left coxk.



Def: Lo G o oy §voup (puSSi\o(lj intnite) ond  HW<G, tw
humber o lefF cowts o H v G s called Yue index ot
Boin G mwd s denoked  IGoH|

@;IJ‘={(“UO§\&P /7} < ZX%I?:G

Tl  CGosebs e 7 x EIO.SJ (¢ x 6‘3 i x gzg ) lGHl = %
i " ) ‘ P
(0,0) + H (o, + 4 (0,2‘) + H

% & “/ae

Ex: let H<G he o s«uloamul,;. ol ndex 2.

T for g g B, TgH, IHS we e lepb wseks o R

%I'Vhl'lavlljl e le/\‘f‘ Losets ale Hj ond Hl
Twus, Y ge G=W, qH =Hg le gel, gH=IH<H <H| - H,

) 3H=Hj V o 96G = H2G, Twat is , eVewy ‘Wb‘d""“l" A indix 2

IS nov haal,

Note: The indux iy also cqual b e # of itgbt  wsets. Yo

while evuvy w\osmp hag e same & of loft oy Vi'ﬁla{—
osets (Hw ) 'h/\-uj ave owmly Lqual It W\:_Su(oovoup s hovimal.

The Lownvevy ¢ o Lc«.jmmge_‘s Thm 7y not Thrue. i-e

it's et always true tat G will hove o b group of



every ovder et dividag Lcal, hut We  Covm 3(’\/{ o pavh’a(

(vverse now (we'll See amoher v Tw hext chapter),

Cmc,h%L‘s Theovemn: & G is o fincke abelian Jronp ool p s @ prime

O!I:Vl'dl-th \C‘ll) v Cq containg an  elemmont o ovdav P (“""d

aus e sulojvvup ok ovrdur P)

P We will prove this by induchyy ow e oder of G

Asswima it's true v euwy group whose ovrduv is less fwan (Gll

ST [&|>() 3 xel sk a0 (£ lfal=\0 o [x] -p hlg Lajmu.a(,'é
'ﬂ,u,ovum, o welle dova., T\/tu,b, 05 S U g, [C"[>P

h I V\___. -
Suppose b divids 3| o write |xlvpn e [27[=Emc

amd we've done.

Thuws assun pdo&.sml'(- divida l"‘\ Lt N=<°‘>.

lal

G s abeliam, so N 26, By Lagramges Tam o) - N[ -

)

Sine N#I, ‘C’/N\<lcr\. b doesn't divide ‘N\, so  p dividus Ic’/o\)\_

Bl{) fhclu.ohlm) C’l/N wntaing  an elamnt ‘,‘]N ol ovduv b

ij-‘# “\f) So jé NJ but leéN. Thus <‘3P> ¢<‘j§
Yl

= |y <y = l‘g"f=0im Bk (lal,p) #1, 50 P14l T,



we ave done bn o &vsum‘l‘ O\L)OVC. 0

The idea heve is That we could wse twe Lot Twat G has
o wovmal  Subgp t deduce Sonuthing  about G few, YN .
This  i4 & mmon apprach W alﬁ¢lova. Av obvisws
obstrudtn T Tais 15 i G hes ko ovimal s bgps
oty thah | o G This s lled o simple  qroup.

Ivo ducts of sub qrowps

D_'_."{" Lt H ovd K be wbjmm\os ok 6. Delfine

he H, kel

H = § hk

Note twat H SHk and kQHk, hut HK s not Mcesgavily
o wbgvp of G T oeg GG OR,ED, (23))
whith \/16«.3 ovduwr Y  omd ' ‘hAULS hot OLYlAloJI/U\AP o 33.

|4 s abe.\fw\z\, tn (kk\ On/ k'>-l =(LLM>CH&' -‘) 6 Hk) So

Hk <€6. ln \cdd‘, [ S K ?’ub&\)vu\/.lo I a l/move.juwa\

ot h\fxﬁ :

T HK ¢ G o Hk-KH.

P 16 HK <G tuw YV hel, ke K, we kna
hil=helHk ard lk=kelHk w kheHk Tus



KHcHK.

For twe Ve Verge

wvtrinment, £ hke HK, tan (W) e HE,
5o (hk)™ =h, k, Jwme hiel kb ek

Ty hk = (hk ) =k b ekl 50 Hk=ku
For tue UJ\/\Vurs() 0§ sV HK = [KH.

let a,be HK. We wont to mow ab' e HK
Lt ashk , b=hks Ma  ab™=h kK b, = h hak, ¢ Hk .
N Y
KH=Hk = Hk<G 10

(Nok twat  HE = KH
Z,L’/VMWI‘S o% k

does not meovm  elenunts  of H commmute W/

[+ dlAS‘l' Wy We Coon Wiite ‘Ak

b= KR o somee, K ek, W el

oy

(i 6 K26, hw HR=26 o for oy HE G

PE Assume K26 HE = DRK= DK - KH = H< 6.0

novimalidy!

Goois *pl'l/\l.{‘(} how Moy elemnits does Hk  howe?

Hk it Twe tmionw ot c,os,c:{'s,l but e ot Those  cowts ey 3



equal.
WK =h K& hish k| e kek
<= hh ¢ K
& hih ¢ BNk & h (Hok)=h, (HOE)

Se Me  humhe, ol dﬁho‘[‘ Cosets e umion %
| H]

L“G L&gk‘w\aj-&‘% Prcovem, SThe eadh coted

lHK! _ ll—lllk‘
[HA K| -




